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Abstract

The task of a sustainable economic growth is impossible without considering the quality of labour
factor. To consider it in a very simple way means to distinguish qualified and unqualified labour. The
purpose of this report is to build a mathematical model of the dynamics of volumes of skilled and
unskilled labour types. The main idea of the model consists in ascertaining the fact that any enterprise (an
economic unit) tends to shorten the disbalance between mentioned above types of labour when this
disbalance occurs. As this happens in a huge number of cases, then there is no point in considering each
case separately. In this work, the algorithm to estimate a conditional balance (a synergetic balance)
between these groups of labour in macroeconomic aspect is offered. The balance uncertainty is formed by
different technological conditions of enterprises, dissimilar provision of labour groups in regions,
different educational structures, nonstationarity of demography and other socio-economic factors. The
statistical observations for the considered correlation are not conducted fully. However, production
functions with different contribution of different labour groups appear in the scientific publication. So the
mathematical modelling of the dynamics of these groups’ volumes is of current importance.
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1. Introduction

In this work, we are trying to formulate a mathematical model of mutual dynamics of highly
qualified and poorly qualified labour in relation with the attraction of labour migration. In the
corresponding economic literature numerous definitions through payment for work, complication of given
tasks, in connection with education etc. have been given (Strumilin, 1982). As a measure of qualification
we offer the time of job training to consider (Bykova, 2011). Nearly every citizen in Russia has a
secondary education, so an unskilled worker must differ from others by a complete absence of vocational
education on the considered specialty.

“Workers” are considered to be all people able to work at the age from 15 to 63 (this is according
to the Russian literature. According to the methodology of International Labour Organization, the number
includes citizens from 10 to 72 years old (Internet-resource, 2018). In the work by (Kapeliushnikov,
2006) economically active population includes people from 15 to 72 years old. We need factual numbers
only for example, in order to understand how the algorithm works but not to forecast economic
phenomena. So in the work we use rough but plausible values. Without migration, there are variable
volumes of unskilled labour in every country. We enumerate some of them in order to estimate Russian
reality quantitatively (here we use only evaluative quantities).

a. Time between a secondary school and military service or university (this concerns both boys
and girls) {1 min} 1.

b. Prisons {1 min}.

c. Army, National Guards and other enforcement agencies {Total number 4 min, including 2 min
soldiers}

d. Countryside {altogether 36 min., 3 min unskilled workers}

e. Building industry {Total number 2 min, 400 000 — unskilled workers}

f. Homeless people {1 min }

g. Services of “shadow business” {Total 40% of working people in the economy, 10 mln —
unskilled workers}

h. Chemistry, coal, crude oil, gold, hunting, wood etc. {10 min unskilled workers}.

We have altogether more than 20 million unskilled workers from the all 80 million working
people. This is very rough, but it gives the following estimation 75% qualified and 25% unqualified
labour.

To be more exact, from the work by (Kapeluishnikov, 2006) and some other extrapolations we will
obtain the following table with data on the volumes of skilled and unskilled labour (more exactly
unskilled plus semi-skilled) for three years: in 1997, in 2002 and in 2007.

Table 01. Approximate data on the volumes of skilled and unskilled labour

1997 2002 2007
Skilled labour (min. people) 48 48.9 53.8
Unskilled labour (mlIn. people) 20.6 17.2 17

tIn figure brackets we give rough estimation of workers which was taken from different sources on the Internet. The exactness in
our argumentation does not play any role hence we do not forecast but we present a new mathematical model.
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Further, in the example we will use these numbers. Summing up the majority of approaches to
define a skilled worker, we obtain that a skilled worker is a person who makes decisions in the process of
their activity and employers trust them to work with complicated and expensive elements K (basic assets,
capital). A skilled worker bears legal and financial responsibility for mistakes in their activity.

An unskilled worker is a person who fulfils simple instructions in their activity and employers do
not trust them complicated and expensive elements K. We consider that skilled and unskilled workers
represent all possible working people in the country. In the context of the examined model and according
to our definition from the great number of immigrants bus-drivers, taxi-drivers, drivers of building
vehicles and etc. who received drivers’ license legally are referred to skilled workers as they fulfil
responsible work with people and machines every day. An important and biggest part of skilled workers
among immigrants is tradesmen-owners as they professionally deal with management, marketing and
contacts with authorities. To the group of unskilled workers we refer builders of simple operations, road
builders, agricultural workers, janitors, cleaners, shop assistants, workers of sewing workshops (who are
not owners) etc.

Let us partly describe how an unskilled worker transfers to the group of skilled workers. Firstly, it
happens through general and professional education, retraining and other similar procedures (Breen &
Goldthorpe, 1997). They can be paid, on the budget basis or in some other forms. Secondly, an unskilled
worker can be motivated by career progress, financial family security, participation in business, social
status etc. We cannot definitely avoid the possibility of cheating and bribery. It is impossible to take into
consideration all driving forces in relation to every worker.

Let us consider how a skilled worker transfers to the group of unskilled workers. It is a more
randomized problem, which is also hard to formalize. Some approach to description of workers
movements between skilled and unskilled jobs is developed, for instance, in the search and matching
theory (Mortensen, 1970; Lucas & Prescott, 1974; Pissarides, 2000, Acemoglu, 2001). In this literature
the problem is treated exactly as the random one. Skilled workers concentrate on specialties, regions,
economic and social sectors. Their destinies (a family destiny or a social group destiny) depend on
technological, political, ecological and others changes. Bankruptcies, appearance of new technologies
force people to change their qualification, possibly making them transfer into the group of unskilled
workers. Requalification means the existence of a retraining system and this requires finances. If it is not
a great problem from socio-political point of view, then a worker can change a place of living, a region
and such things. Besides, there are diseases having which a person cannot get a disability status, i.e. a
worker is not able to fulfil qualified work but able to work. One more reason to transfer to the group of
unskilled workers is the surplus of workers with a certain specialty or qualification. In this case the
absence of competitive advantages stimulates transition.

Here we come to the main point of mathematical modelling of a considered problem. The decision
to transfer from one group into another is made by a worker but motivation to transfer is created by
business or government. Instruments are competitive salaries, career prospects, working regime, dwelling
privileges and such things. It is impossible to describe all the possibilities, which we considered and

which can be added, with the help of one model. Therefore, to substantiate a model we think that in every
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specific case the economy tends to create motivating conditions, which decrease discomfort of
manufactures and workers as well.

In the country without immigration (if we do not take into account demography changes) there
exists the balance between skilled and unskilled workers. This balance is determined by a technological
level of a specific branch and a place (region, remoteness from consumers, from resources of raw
materials etc.). The correlation is regulated by a salary: the attraction of a necessary number of skilled and
unskilled workers is motivated by money (Harris & Todaro, 1970; Robinson & Tomes, 1982; Aghion &
Blanchard, 1994), providing accommodation, benefits and other perks. Skilled versus unskilled labour
choice is affected by domestic government policies that in turn can be affected by some globalization
processes (Ogawa & Tsubuku, 2017). The appearance of unbalance bears a random character. So for
short intervals of time, for instance 5 years, we offer to define the correlation statistically constant.

Nizhegorodtsev (2014) has written about an unsteady and non-linear character of the considered
here economic parameters in; however, his argumentations are not given in the mathematical form.

If to take into account international immigration, then the problem under consideration becomes
even more complicated. The skill composition of immigrants affects not only the skill composition of the
entire population, but also economic growth, processes of human capital formation inside the recipient
country, income growth and distribution etc. (Smith, 2012; Bandopadhyay & Chaudhuri, 2013; Ehrlich &
Kim, 2015).

Naturally, the sum of workers from both groups is not constant: the general number of able to
work citizens is inconstant because of demography oscillations, changes in the territory of the country,
also economic needs in workforce. Essentially, it is these needs that call up immigrants or vice-a-versa
push out workforce (for example, Latvia, Ukraine). It is considered that digitization will sharply decrease
the number of working places for highly qualified people. The determined above balance is reached in a
natural way as a certain limit of economy possibilities to bear expenses involved in the maintenance of
unbalanced correlation between groups with different qualifications. This work is devoted to algorithms

that allow to attract exactly so many immigrants how many is necessary to reach the balance.

2. Problem Statement

2.1. The task without immigration

We will introduce: Sy, Uy, Sy, Uy, - Skilled and unskilled native workers and skilled and unskilled
immigrants respectively. We will think that in the state of balance there will be no big changes in the
economy (few bankruptcies happen, few new working places appear, none new technologies appear etc.).
Inthis case S, =S, U, =U.

Hence immigrants are not considered in this paragraph, then S,,, = U, = 0.

Bankruptcies, modernization and such things decrease the number of working places, which leads
to the inequality S, > S, which returns to the equation S, = S, if changes are not big or have a random
character. Stabilization in fact happens at the expense of redistribution of skilled workers into other
regions, other professions or in the group of unskilled workers. The reason for such transformation is the

decrease in salaries. If S, < S, then material stimulation is also used to compensate missing skilled
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workers. This stimulation attracts specialists from other professions, other regions and what is more
important encourages unskilled workers to train.
Thus the conditions to reach the balance: S, — S, are created. The very simple model, which

demonstrates the considered dynamics in time, is formalized as the ordinary linear differential equation:

At positiveness of rs there is S, — S, i.e. asymptotic stability of equilibrium state.

For the group of unskilled workers we can formulate the same reasons for the aspiration of group
volume for the balance. If U, > U (this is possible at demography boom, at closing of enterprises, at
destruction of vocational education etc.), then wages reduce sharply. Working people go to earn money to
other regions, enroll in the army, police, national guards, emergency control ministry and other state
services. Some workers are employed to do heavy and cheap work, which leads to the degradation, to the
lower part of a social ladder.

If U, < U (and this happens at a sudden appearance of the demand on U,: building, seasonal
agricultural work, epidemics and etc.), then employers increase wages for unskilled workers and this
attracts workers from a skilled group or from other regions. The simplest model with attracting position of

equilibrium, similar to (1), has the form
Uy (2) = 1y (U = Uy (t)). (2)

In models (1) and (2) it is necessary to identify positive parameters 75, S, 1;, U. In the simplest
case for five given observations {S, (i)}, {U,(i)}, i=1,2,...,5, one can estimate parameters by mean

values:

S~2¥5.5,0; U~:Zi, U0 @3)

It S0 —-S,G+1) It U,()—-U,(i+1)
Ts zzz,.zl s,—-s zzzm Uu,O-U
The built model (1)-(2) is good by its simplicity, but it does not show the interaction between S,
and U, . Economically this interaction definitely exists. It is expressed through the increase of salaries
and wages when there are not enough workers and the decrease of earnings when there are too many
workers. We do not talk about changes S and U now as we assume that technologically, socially and
legally economy changes insignificantly.
The development of the model (1)-(2) will be the consideration of the linear differential system:

{Sb(t) = 155(§ = S, () + 15y (U = Up (1)),

Up(6) = s (S = S(0)) + 1y (T — Up (2. @

The system (4) apparently has the only position of equilibrium ('S, U) and it is asymptotically
stable when rgg, 1y, > 0, and ryg gy < 0.
The parameters ¢ and ry,; are responsible for the interaction between the groups of workers

creating oscillation of the process.
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2.2. About identification of the system (4)

Unknown parameters are g, Ty, T'ss, Tyy, S, U. They come into the system nonlinearly. So we
cannot obtain them in a standard way. We can apply the algorithm of simultaneous identification of
system parameters and delay from the works by (Prasolov, 2016; Prasolov, 2018). Briefly it lies in
parameters S, U fixation and the optimal selection of coefficients ryg, Tgy, ss, Tyy, and then the
procedure is repeated by reselection of parameters S, U. The algorithm comes to a stop at the best set of
parameters in some sense. Let us have n observation of values S, and U,,. Using the formula (3) we will

estimate the parameters S, U:

In the system (4) we will change the variables: x =S — S,y = U — U. Then the system (4) will

w()=rG) R=Goy )

The solution to Cauchy problem for this system is written through the matrix exponent:

be as follows

(x(t)

y(®) x(0)>'

) = exp(—Rt) (y(O)

If we accept the observation interval equal to 1 (for example 1 year), then we have the set of

numbers {x(©)}, {y (@)}, i = 1, ..., n; and the approximate equation holds true

) e (30)

Using all the accessible for us observations, we will obtain the estimation of a matrix exponent as

the mean of some matrixes:

x(@+1) x@i+ z)> <x(i) x(i + 1))‘1. @

_R) ~ L yn-2
xR =5 (S by i) bo yas
Note: The systems of differentials equations are brought to discrete time by Euler method, but in
this case when the system is linear the offered algorithm is more exact and quicker. If some matrixes
participating in the last formula turn out to be degenerated, this combination of vectors one can delete

from the mean.

2.3. The example

In Table 01 we give estimation observations for the volumes of labour during the interval of
Syears. If we consider this period as a time unit, we can show how to build a dynamic model using the
formulae (6) and (7) with the following forecast (for 2012 year). Three columns in the table we will
designate in a more convenient way:

(5(1997)) (5(2002)) (5(2007))
U(1997))’\U(2002)/)’'\U(2007))’
where the relevant year is put in as an argument. We will find the mean value S, U. using the formulae

(5): Then using the formula (7) we will obtain the matrix
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$(2002)— S 5(2007) — ._9) (S(1997) -5 5(2002) - ?)‘1

exp(=R) ~ (U(ZOOZ) - U U(2007)-TU/\U(1997)-T U(2002)- T

The result of modelling is shown with the formula

(uz012)) = =) (4 z007) * (5)

After substituting the values of estimation data from the table, we will estimate the forecast of labour

volumes with numbers

(vz012)) = (20'e)

U(2012)) ~
The result predictably has coincided with the first column in the table 01 as we compensated the absence
of data by linear extrapolation. Nevertheless, the example shows the possibilities of the method.
The building of matrix logarithm, i.e. the matrix (-R) is well-known, for example (Gantmacher,
1959; Prasolov, 2016). In particular, if matrix’s (-R) numbers lie in the right half-plane of the complex

plane, then we can use the following series expansion

_l-1
—R =32, "% (exp(-R) — E)".

3. Research Questions

The appearance of labour migration

The appearance of immigrants disrupts the balance: firstly, adding immigrant skilled workers to
native skilled workers creates competition and forces out the part of skilled workers into the group of
unskilled workers. This competition we can observe in transport sphere, building industry and small
business etc. Secondly, unskilled workers actively occupy working places in unpopular activities (low-
paid, dirty, risky, monotonous and such types of jobs. This allows (and sometimes forces) local
population to improve their qualification and to transfer to the group of skilled workers. Besides, some
immigrants gradually come to feel at home, are trained and join the skilled workers’ group.

Let migration take place in the volume M during the year. Meanwhile it is not important if
immigrants are attracted by high productivity (Lukina & Prasolov, 2016) or by higher level of
consumerism in the country. Formally, we will consider M as the endogenous parameter. Moreover, it is
difficult to distinguish skilled and unskilled parts as immigrants come from different countries which
have different vocational systems of education and different technological levels of economy.

In accordance with the designation S,,, U,, we assume that U,, = d5,,, where the parameter o is
defined statistically. Then

M=S,+U,=0+0)S,

The model (4) with known coefficients is transformed into

$p () = 155(5 = 5, () + 15y (U — Up(6)) + %,

. i _ + 8
Up(t) = 1ys(S = Sp(8)) + 1y (U = Uy (1)) +£- ©
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Now we can set the task of management with the help of M. There are many variants!

We note that at M0 the system (8) has the position of equilibrium (S, U) different from (S,0). It

is comparatively easy to find it: we solve the system

0=15(§-5)+r(U-0) +

)

1+o
- = — = oM
0 =rys(S=8) +r0(U—-0) + -

We will obtain § = § (M) and U = U(M), and these are linear functions of the scalar argument M.

That is we will have the balance in economy at different volumes of migration:
(BHG)m )
U U/ 1+o g
Note. In this formula (S,U) were taken very approximately, R~ depends on this selection.

Therefore, obtained (S, U) are also approximation. To have a more precise level of the balance we can

use several iterations.

4. Purpose of the Study

Management tasks
The task A. To find M at which the disbalance of economy is minimal:

M, = argmin [(SB M) =35)” + (Up(r) - ﬁ(M))Z].

This task is important for defining the state of economy at the current moment T. The equation in
the square brackets shows how big the disbalance is and if it is possible to return the balance with the help
of labor migration.

The task B. We assume that the outcome of economy, i.e. GDP, is determined by the production
function Y = AK*(S(M)YU(M)*~Y)1~ (Dmitriev & Yudina, 2017). The task is to find M at which the
growth of GDP is maximal:

My = argmax(AK® (S(M)YU(M)*~7)1-9),

We can consider the problem of the given growth at minimal M.
The task C. We assume that the growth of capital is determined by the differential equation K =
—6K + p(1 — a)Y (Dmitriev & Yudina, 2017).
To find M at which the capital growth K will be maximal:
M, = argmax(—6K + p(1 — a)Y).

Due to the homogeneity of the production function on labour all the three tasks can be solved
analytically as M in them is a scalar value and enters linearly.

All these tasks are united by the necessity to analyze if we can find the given M at different
assumption of its appearance. If there is no labour migration, we consider the forecast in accordance with
demography dynamics. If there is labour migration, we consider together the change in number of
workers and plus migration. Then we include the system of quotas setting.

750


https://dx.doi.org/

https://dx.doi.org/10.15405/epsbs.2019.04.80

Corresponding Author: A. V. Prasolov

Selection and peer-review under responsibility of the Organizing Committee of the conference
elSSN: 2357-1330

5. Research Methods

We built the system of differential equations in its simplest form: the linear form. The sense of
attraction to the balance lies in the fact that enterprises of economy create motivation for workers to
occupy working places or to leave them depending on technological conditions of an enterprise. Thus, the
system equilibrium is non-stationary in the long-time interval, it is immeasurable, in principle. This is

why, an adaptive method of construction, which uses the previous state of economy, is offered.

6. Findings

We have shown how to use the introduced balance in the tasks of migration flow management. We
have formulated three management tasks, which use the built mathematical model. At the availability of
real data these tasks can be applied to determine quota for labour migration flows, which compiles the

purpose to take quantitative decisions by regional and federal authorities.

7. Conclusion

The task of labour migration management reaches the new level of adequacy, if we take into
account the difference in contribution of workers with different qualification. In this work we have
fulfilled an important stage of modelling: we have offered the algorithm of dynamics of skilled and
unskilled labour volumes. We have shown some further steps based on taking into consideration
demography and the contribution of differently qualified workers. The main idea of the algorithm consists
in the assumption that economy tends to a certain synergetic balance, creating motivation for each
enterprise from its own recourses and this motivation integrally forms the whole economic tendency.
Macro-economically it is not possible to determine the number of skilled and unskilled workers, so we
introduce the described above conditional notion - synergetic balance. Analogies were repeatedly
encountered in science: for example, pressure in gas, absolute temperature and other notions of statistical
physics. When there are enough empirical data, the offered model can be successfully used for making

macro-economical decisions.
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