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Abstract
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In this paper we try to present some simple methods of training and development of professional competences,
more specifically methodological, for obtaining the identities mathematical (combinatorial) and their use. Thus,
starting from a simple integral, we obtain multiple identities mathematical (combinatorial), that, then we will use
in calculating limits of sequences and some primitives, respectively definite integrals. The attentive reader and
interested in these issues will notice that the results of this work complete and definitive resolves many problems
of Mathematics. Therefore we consider that the work will be of real help to students who are preparing for
competitions and Olympiads, students in deepening their knowledge and passing exams and teachers in their
professional training. Of course not here we present all types of exercises that can solve with the formulas proven
in the paper. There are other types of exercises than those presented herein and we will present in a forthcoming

paper.
© 2016 Published by Future Academy www.FutureAcademy.org.uk
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1. Introduction

As we have presented in Abstract, in this paper we intend to present some simple ways of training
and development of professional competences, more specifically methodological, for obtaining the

identities mathematical (combinatorial) and their use. Thus, starting from a simple integral, we obtain

multiple identities mathematical (combinatorial), that, then we will use in calculating some limits of
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sequences and some primitives, respectively definite integrals. The attentive reader interested in these
issues and will notice that the results of this work complete and definitive resolves many problems of
Mathematics, using, exclusively, the results can be presented in class, so in preuniversity education,

without using superior results in Mathematics.

2. Main results

The main results of the paper we will obtain starting from a definite integral. So, let be p, €N and

consider the definite integral — see Mocica (1988) or http://mathworld.wolfram.com/zetafunction:

1
I(p.q):f(l—X)p x%-dx. (1)
0
Using the binomial theorem (of Newton), we obtain that:
1 I p p 1
1(p.q)= [(1-x)P -x9 -dx = —Dk-ckxatk gy =Y (-DFCk- . )
j(;( ) {=0( )Gy =0( ) Cyp qrkal
But, by making change of variable 1-x=y, obtain that:
0 1
1p-= [y"(1-y)Tdy= [(1-x)%x"-dx=I(qp). 3)
1 0

By proceeding as above — in (2), obtain that:

1(q,p)= Z( ne-ck- p+k+1 4)

From the equalities (2), (3) and (4) it follows that:

D . | q . |
-1 .C k . = -1 .C k
Zo( ) P q+k+1 Zo( ) K p+k+1
ie.
0 1 3 0 1 3
c? C C cd
Cp _ C + CP _...+(_1)P. p —_ 9 _ Cq + q _...+(_])Q. q ) (5')
q+1 q+2 q+3 q+p+1 p+l p+2 p+3 q+p+l1
On the other hand, integrating by parts, obtain that:
ipg- 200", f(l P x ik =P Ll qh), ©
q+l 0 q+l q+1
From the equalities (6) it follows that:
“(0=D-(p=2)----2-1
1(p,q)= —2—I(p-1,q+1)=+++= p(p-D(p-2) (0,9tp)
q+l1 (q+D-(@+2)-(q+3) - (q+p-1)- (q+p)
- p-(p-D-(p-2) f gy = P )
q+D-(q+2)(q+3)---- (q+p 1) (q+p) (q+p+1)!

632



http://dx.doi.org/10.15405/epsbs.2016.12.78
elSSN: 2357-1330 / Corresponding Author: Teodor-Dumitru Valcan
Selection and peer-review under responsibility of the Organizing Committee of the conference

From the equalities (3) and (7) it follows that:

!
1(p.q)= 4 . ®)
P D) (2 (pra)-(prq D)

Now, from the equalities (7) and (8), obtain the equalities obvious: for every p, €N,

p! - q! ___ phq! ©)
@+ (@+2) - (q+p) (@+p+1) P+ (p+2) - (p+q) (p+q+1) (q+p+D!
On the other hand, from the equalities (2) and (7) it follows that:

1 - Lot N ek L LN ek Ly
(q+1)--- (q+p+1) ! P p! Zo P q+k+1 pl Zo 9 p+k+l

Analogous, obtain that:

1 k.
- I(qp)=— Dk-ck
@+)-(p+2) - (p+a)-(p+a+1) q' 1@ Z( 2 p+k+1

1 [c ¢ ¢ cd-! cd

—_ 9 "9 , 4 _._.+(_1)q—1.L+( 19 1
q [p+l p+2 p+3 pP+q p+q+l

_ 1 _ 1 1 + 1 1 (-] 1 1 -1 1 1
Oq! p+1 1(q-D! p+2 24q-2)! p+3 (g-D*! p+q q-0! p+q+l1

p

1 1

= (-D*-Ck- : (10"
q! - q+k+1

3. Consequences (1)

The theoretical results obtained above are entails two consequences important data in particular

cases.
1) For every p, n€N,
1()11 Paxt.d P! pin! (-D*-
’n: — . . = =
P {( X ) (nepsl) (mepel)] Z Cr kel
- 1 n!
=\ (-pk-ck- = = ((1=x)"-x?-dx =I(n,p). (11)
2)( ) prk+l (p+l) - (prn+l) {( )y (e.p)
Therefore,
1 1
I(p.n )* ( D<-Cpr——
m+D)-(n+2)-- (n+p)-(n+p+1) p' n+k+1
:L. 1 _ 1 . +...+(_])P*]. 1 . 1 +(-1 p.L. 1
Op! n+l 1p-1! n+2 (p-DH! n+p prO! n+p+1
and
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0 1 2 n-1 n
116G G + Ca _...+(_1)n—1.CL+(_1)H.L
n! |p+l p+2 p+3 p+n p+n+l
D
1
~ LN et ek = - ! . an)
nl & n+k+1 nl P+D)-(p+2)--- (p+n)-(p+n+1)
2) For every nEN,
: (n!)* 1 Nk |
)= [(1-x)" x"-dx=—") = . :2(-1) Cy- : (12)
.{ (m+n+D! (n+1)-Ch,,; & n+k+1

4. Generalizations

Now we generalize the results from the first two paragraphs. Thus, let be p, gEN, a, bER, with a<b

and consider the definite integral:

b
J(p-CI):f(b -x)P - (x-a)?-dx. 13)
a
Using the binomial theorem (of Newton), we obtain that, for every p, gEN and every a, bER, with
a<b:
b bT p q
J(p_q):f(b -x)P-(x-a)d .dx_f[Z (—l)k .Cll; pPkL gk 2 (-1 -C; .x 971 .all -dx
a a | k=0 1=

I p g
:f2 (-Dk+i-ckclbPTR et xR gy
0 k=01=

P . . . q+k-i+l _ _q+k-i+l
_ (—l)kH'Ck'Cl 'bp_k‘al'b a (14)
p q k—i+1
~ & g+k-i+
But, by making change of variable x=a+b-y, obtain that, for every p, €N and a, bER, with a<b:
a b
J(p-q)Z-f(x -a)P - (b-x)? 'dx:f(b -x)?-(x=a)? -dx=J(q.p). (15)
b a
By proceeding as above, obtain that, for every p, q€N and every a, bER, with a<b:
4 & . . . p+k-i+l _  p+k-i+l
Jap= 3 B Ds kel pek gt D 2 (16)
-4 & p+k-i+l

From the equalities (14), (15) and (16) it follows that, for every p, €N and every a, bER, with a<b:

p g ai ‘ . C bq+k—i+1 _aq+k—i+1
+i i - i
2 (-Dick.clpreal —
= & gq+K-1+
4 & . . . p+k-i+l _  p+k-i+l
—2 (~D** kOl b gt D a . (17)
k-i+1
=0 = pt

On the other hand, integrating by parts, obtain that, for every p, €N and every a, bER, with a<b:
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)= - a)¥*' - (b-x)P
q+1

J(p.q

b
b
+—E f<b—x)p-‘-(x—a>‘*”-dx:i-J(p-l,qﬂ). (18)
a q+l ) q+1

From the equalities (18) it follows that, for every p, g€N and every a, bER, with a<b:

p(p-D-(p-2)----2-1
(@+D-(q+2):(q+3)---(q+p-D-(q+p)

.= —2—J(p-1,qt1)=++-= J(0.q+p)
q+l

_ p-(p=D-(p-2)-+2-1 o d
(@+D-(@+2)(q+3)---- (q+p—1)'(q+p)[

! Lq!
- P (b-a) TP = P gy qyaee, (19)
(@+D):(q+2)----(q+p)-(q+p+1) (@+p+1)!

From the equalities (15) and (19) it follows that, for every p, €N and every a, bER, with a<b:

|
I(p,q)= @ (b-a)"P*!, (20)
P oD+ () (D)

Therefore, from the equalities (19) and (20), obtain again the equalities (9).

From the equalities (14) si (19) it follows that, for every p, q€N and every a, bER, with a<b:

1 S )
(@+D-(q+2)(q+p)-(q+p+D) (b-a)¥* P -pl

P . . . q+k-i+l _ _q+k-i+l
I S (—l)kH'Cl;'C;'bp_k'al'b Ef Q1)
(b-a)d*P*!.p! ~ & q+k-i+l1
Analogous, obtain that, for every p, gEN:
1 1
= o J@p)=
P+D (P+2)(+q-(p+q+l) (b-2a)"""" q
q P ) ) . p+k-i+l _ _p+k-i+l
I S (—l)kH'Cg'C;-bq_k'al'b "1. Q1)
(b-a)d*P*l.q! -4 & p+k-i+l

5. Consequences (2)

Now, we present two consequences of the results of the previous paragraph, obtained on particular
cases.

1) For every p, nEN and every a, bER, with a<b:

b
= XV (x —a)" -dx = p! -(b- “*P”:Ln!.b_ mipl
Yo [(b ) Y T aepen Y

n

p k-i+l n+k—-i+l
. . ~ . pht _a
_2 (—l)kH'Cl];'Cil'bp kot
=0 1=

n+k-i+1

; bp+k—i+l _ap+k—i+1

p .
_g (_1)k+1 'Cl; .Ci) Bkl

p+k-i+l
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b
(b-a)"P"'= f(b -x)" - (x -a)° -dx =J(n,p). (22)

:(p+1) ----- (p+n+1)

Therefore,

1 B 1
(m+D)-(n+2)- (n+p)'(n+P+1)_(b—a)“+p”‘p'

-J(p,n)

( DAl kgt DY - a'n+k—i+1
- a>n+p+1 i

bp+k—i+l p+k-i+l
i

1k+l Ck Cl _bn—k'a'_ —a
(b a)n+p+1 22( ) P p+k-i+l

1 1 '
- J(np) . (22)
(b-a)""P" -n! (Pp+D(p+2)----(p+n)-(p+n+l)
2) For every n€N, and every a, bER, with a<b:
’ n! 2n+l (n')2 2n+l
Jnn)=[(b-x)"-(x-a)"-dx= - ‘(b-a)"=—"2___-(b-a)™"
(e.2) [( ) ) (n+1)----- (n+n+l)( ) (n+n+1)!( )
LI . . . n+k—-i+l n+k—-i+l
;_(b_a)zm]: (_1)k+1 . Cﬁ . CL 'bn—k . al b —a' (23)
( +1) C2n+l =0 1= n+k-i+1
In particular,
3) For every n€N,
1 i 1 |
Jn,n)= [(1-x>)" -dx=—- 1-x)"-1+x)"]-dx== - 2l
(n.m) .[( ) 2 ._];[( ) "I 2 n+1)----- (n+n+l)
2
@)” o 1 2, (24)

(n+n+1)! (n+1)-C3,

So, the sequences (J(n,n))..x above is decreasing and has limits 0.

6. Applications

6.1 The calculation of some limits of sequences
Using those presented in previous paragraphs we can calculate a series of sequences limits. Thus,

we can show that the following equalities hold:

1) lim (A-x?)x p, 4EN, p<q
newZ(q k) (q- k+p) p f 1-x9 AT

1 Lr o r=py. b=l
2) lim f ex J)x -dx, p, q, €N, p<r<q.
n—e &4 (q-k+p)(q k+r) r-p < 1-x1

3) limi 1 __ 1 .1 [t-p)-1-x"+p-x"]-x" s
n=x &4(q-k)(q-k+p)(qk+r) pr(r-p) o 1-x¢
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4) lim ! =
n—e & (q-k+p)(q-k+1r):(q-k+s)

1
1 [6=0-(-p) x4 @-p)x*"]xP ] N
(r-p)(s-p)(5-1 ﬂ 1ox }d"’p’q’r’se P
1 3
5) lim f
n—>w2(q K+D)(qk+2)(qk+3)-(qk+4) 6 J1- xq
6 lim S ! L M
n—o &4 (q-k) (@ k+D)-(q-k+2)(qk+3) 6 1-x9
7) lim ! f(l'x)p dx..
n—o &d (q-k+1)(q-k+2) (q-k+p+1) p' 1-x1
n 1 1 1 q-1 1- P
8) lim X=0T gy
n—o & (q k) (qk+1)-(q-k+2)-(q-k+p+1) p' 1-x1

To prove Exercise 5): For every KEN, p=3, from the equalities (10) it follows that:

1

! f(l x) x93k dx
(@ k+D)(q-k+2)-(q-k+3)-(q-k+4) 3'
1
1
L 3 3 -1 fxq'k—3-xq'k+1+3~xq'k+2—3~xq'k+3)-dx.
6 | qg-k+l qk+2 qk+3 qk+4 6 !
So,

1
=lim —- f(l—x)3-xq'k-dx
n—oe &g (q-k+1)(q-k+2)(q-k+3):(q-k+4) n—>=6 =

=— r}1_r>r010f2(1—x) X9k dx— r}1_r>r010 (l—x) qu'k~dx
0 =0

1

_1 lim [(1-x)*
6 . l—xq 6 1 Xq

Xq n+q

In particular, for q=3:

n

1 3k
mZB k+1) (3 k+2) (3-k+3) (3 k+4) 3 newa“ %)’ - dx

1
PR dx:l-f1—§~ 2x+1 31 L1, a3
36

— -dx=—-—"In3+
I $l+x+x 3! ! 6 4

+_
2 X2 +x+1 2 xPax+l

For the calculation of the following limits of sequences we need the following technical result:

Proposition: For every continuous function f: [0,1] — (0,+ ),

1
lim ([f(x)-x"]-dx=0.

n—o

(25)
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1
Proof: Indeed, if we denote with I,= f[f (x)-x"]-dx, then, is checked immediately that the sequence

1
(I~ 1s decreasing and bordered — i.e., for every n€EN, I,E[0,Iy], where 1= (gf (x) - dx . Therefore, the

. . M
sequence (I,).n is convergent. We notice also that, for every nEN, I;< T = max f(x).
n+ xg0,1]

Whence, for every nEN,

O<l,=

n+l (26)

Passing to limit in the inequalities (26), obtain the equality (25).

6.2 The calculation of some primitives and definite integrals
Returning to those presented in the first two paragraphs, observe that, for every pEN and every

XER\{-p-1,-p-2,+-,-2,-1}, we have the equalities:

N B N I
El(p’x) p! {(l_t) o (X+1)(x+2) - (x+p+]) p' ;( b* x+k+1

I EOS USSRV SIS S RS N SNV ICA NN S @7)
Op! x+1 1‘(p—1)! X+2 (P-D! x+n pr0! x+n+l

Hence,

dx :1 & ( 1) Ck dx

x+D (x+2) - (x+p) (x+p+1) p! 2 x+k+1
_L (1) -Cy In(erke s (28)
p' =0

and:

j dx :l. \ (_l)k.ck.b dx

.[(x+l)-(x+2) ----- (x+p)-(x+p+1) p Zo p.afx+k+1

k. .~k

1 1 2 (-D*-Ck P K1\ G
- (—1)k'Cl;-lnb+k+1:—' In b+k+1 il b+k+ ' 29)
P& a+k+1 pl & la+k+] AMa+k+l

In particular, for p=3:

dx 1. \ k
= ( Dk C3 ( Dk -C3 “In(x+tk+1)+C

X+ (x+2)-(x+3)-(x+4) 3 6

and:

5 3 5

dx _1 (_Dk_cll;_f dx —In /131072

2(x+1)-(x+2)-(x+3)-(x+4) 3 & 2x+k+1 128625

So, the sequences (J(n,n))..x above is decreasing and has limits 0.
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7. Conclusions

So from integral I (p, q), which can be calculated in two ways, we can get all identities from (2) to
(10"). Particularizing these identities obtain the identities (11) and (11'). By passing from interval [0,1]
at a certain interval [a, b], all identities (2) - (10") can be generalized to yield the identities (13) to (21")
identities that then can be customized, achieving equalities (22) - (24), obtaining the identities from
(13) to (21"), identities that can be particularized, obtaining the equalities (22)-(24). Finally, we
presented how you can apply to those shown in the paper in calculating the limits of eight types of

convergent sequences, of some primitive and definite integrals. For other examples see Siretchi (1985).
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