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Abstract 
 

In this paper we propose to continue the steps started in a first paper with the same generic title and 
marked symbolically with (I), namely, the presentation of ways to achieve a systemic vision on a certain 
notional mathematical content, a vision that motivates and mobilizes the activity of those who teach in the 
classroom, thus facilitating both the teaching and the assimilation of the notions, concepts, scientific 
theories approached by the educational disciplines that present phenomena and processes in nature. Thus, 
we will continue in the same systemic approach, solving some Diophantine equations, more precisely 
some generalizations of the Pythagorean equation and some quadratic Diophantine equations, in the set of 
natural numbers, then of integers and then "submerged" such an equation in a ring of matrices and try to 
find as many matrices solutions as possible. This paper has two large paragraphs. In the first paragraph 
we will generalize the known Pythagorean equation, in two forms, we will solve them in the set of natural 
numbers and then in Z, after which we will immerse them, both in the ring Mn(Z). In the second 
paragraph, we will proceed analogously with (other) four types of quadratic Diophantine equations. This 
paper is one of Didactics of Mathematics and is addressed to pupils, students or teachers attentive and 
interested in these issues, which we believe we have formed, in this way, a good image about solving 
these two types of equations.  
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1. Introduction 

As mentioned above, in this paper we will continue the steps started in (Vălcan, 2019), namely, we 

will present a way to achieve a systemic vision on a certain notional mathematical content, more 

precisely, the transition from certain Diophantine equations to various matrix equations, a vision that 

motivates and mobilizes the activity of those who teach in the classroom, thus facilitating both teaching 

and assimilation of notions, concepts, scientific theories approached by educational disciplines that 

present phenomena and processes in nature.  

Thus, we will continue in the same systemic approach, to solve some Diophantine equations, more 

precisely some generalizations of the Pythagorean equation and some quadratic Diophantine equations, in 

the set of natural numbers, then of integers and then "submerged" such an equation in a ring of matrices 

and try to find as many matriceal solutions as possible. 

Therefore, this paper is a continuation of the paper (Vălcan, 2019). In this sense, we kept and 

continued not only the ideas but also the numbering of the paragraphs and the results. 

This paper has two large paragraphs. In the first paragraph we will generalize the Pythagorean 

equation (A), in the form of equation (B) and in the form of equation (B″), we will solve them in the set 

of natural numbers and then in Z, after which we will immerse them, both in the ring Mn(Z). In the 

second paragraph, we will proceed analogously with (other) four types of quadratic Diophantine 

equations denoted by (C), (D) - with the particular cases (D″′) and (D(iv)), (E) and (F), respectively. 

In solving these equations we will use didactic methods, easily accessible to pupils and students, 

different from those presented in (Andreescu & Andrica, 2002) or (Cucurezeanu, 2005), but based on 

ideas from there. 

Also, here we specify that we will use the knowledge presented in (Acu, 2010), regarding the 

divisibility of integers. 

2. Problem Statement 

Solving Diophantine equations often proves to be quite difficult for pupils, students or teachers. In 

the pre-university curriculum this topic does not appear explicitly, that is why teachers do not allocate 

special lessons to teach methods to solve these types of equations. On the other hand, the number of these 

methods is quite large and such equations appear, since middle school, in solving divisibility problems - 

see (Vălcan, 2017).  

This lack is found even further - in higher education, in the sense that, unfortunately, not all 

faculties of Mathematics have special courses aimed at solving Diophantine equations. So, it is possible 

that a graduate of such a faculty, who has become a professor, does not know much about Diophantine 

equations. Under such conditions he will not be able to teach his students how to solve such equations. 

We are not even talking about immersing such equations in various rings.  

Therefore, this paper comes to reduce this shortcoming for both pupils and students, as well as for 

teachers. 
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3. Research Questions 

In our research we will try to find answers to the following questions: 

 Can the Pythagorean equation be generalized?  

 They have generalized Pythagorean equations solutions in the set of integers? 

 If we immerse these generalized Pythagorean equations in the matrix ring, Mn(Z), do the new 

matrix equations have solutions in this ring? 

4. Purpose of the Study 

Therefore, we will generalize, in several ways, the known Pythagorean equation: 

x2+y2=z2,                   (A) 
we will solve in the set Z all these generalized Pythagorean equations and we will study their 

solvability in a ring of matrices. 

5. Research Methods 

5.1. Generalizations of the Pythagorean equation 

Immediate generalization of the Pythagorean equation (A) is given by the equation: 

x2+y2+z2=t2.                                                                                                                (B) 
The positive solutions of equation (B) represent the dimensions and the length of the diagonals of 

a rectangular parallelepiped. (Andreescu & Andrica, 2002) As in the case of the right triangle, here too 

we are interested in the situation in which all these dimensions are natural numbers. 

For a start, three observations are required here as well:  

Remark 5.1.1: If the quadruple (x0,y0,z0,t0)∈N×N×N×N satisfies equation (B), then any quadruple of the 
form (k⋅x0,k⋅y0,k⋅z0,k⋅t0), with k∈Z, is a solution of this in Z×Z×Z×Z. Therefore, to solve equation (B) it is 
sufficient to determine the solutions (x,y,z,t)∈N×N×N×N with the property that:  

(x,y,z,t)=1.                                                                                                         (5.1.1) 
That is why the following definition is required (and here): 

Definition 5.1.2: A solution (x0,y0,z0,t0)∈N∗×N∗×N∗×N∗ of equation (B), which verifies the equality (5.1.1) 
is called a primitive solution. 
Remark 5.1.3: Quadruples (0,y,z,t), (x,0,z,t) and (x,y,0,t), respectively, with x, y, z and t natural numbers, 
which reduce equation (B) to an equation of type (A) will not be analyzed in this paper; they can be seen 
in (Vălcan, 2019). 

Therefore, in the following, we will consider only solutions with non-zero components.  
Remark 5.1.4: Equation (B) is symmetric in x, y and z; so, if (x,y,z,t)∈N∗×N∗×N∗×N∗ is its solution, then 
also (x,z,y,t), (y,x,z,t), (y,z,x,t), (z,x,y,t), (z,y,x,t)∈N∗×N∗×N∗×N∗ are (also) solutions of the equation (B). 

We present below the form of a primitive solution of equation (B):  
Theorem 5.1.5: All primitive solutions in natural numbers of equation (B) are given by the equalities: 

x=2⋅a,   y=2b,     z=
c

cba 222 −+   and  t=
c

cba 222 ++ ,  (5.1.2) 

where a, b∈N∗, and c is a divisor of a2+b2, which is less than 22 ba + , and: 
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 (a,b,c)=1.                                                                                                                            (5.1.1′) 
Any solution is obtained only once in this way. 
Proof: Let (x,y,z,t)∈N∗×N∗×N∗×N∗ be a solution of equation (B). Based on Remark 2.4 from (Vălcan, 
2019), we distinguish the following cases: 
Case 1: All numbers x, y and z are odd. Then t will be odd; so:  

x=2⋅a+1,  y=2⋅b+1, z=2⋅c+1  and   t=2⋅d+1,       (5.1.3) 
with a, b, c, d∈N∗. From equalities (B) and (5.1.3) it follows that: 

4⋅a2+4⋅a+1+4⋅b2+4⋅b+1+4⋅c2+4⋅c+1=4⋅d2+4⋅d+1,                                                      (5.1.4) 
that is: 

4⋅a2+4⋅a+4⋅b2+4⋅b+4⋅c2+4⋅c+2=4⋅d2+4⋅d,                                                                      (5.1.4′) 
which is impossible modulo 4; or otherwise: by dividing by 2, the left limb is an odd number and 

the right limb is an even number. 

Case 2: One of the numbers x, y, z is even; say the number x is even, and the numbers y and z are odd. 
Then the number t is even:   

x=2⋅a,  y=2⋅b+1, z=2⋅c+1  and   t=2⋅d,          (5.1.5) 
with a, b, c, d∈N∗. From equalities (B) and (5.1.5) it follows that: 

4⋅a2+4⋅b2+4⋅b+1+4⋅c2+4⋅c+1=4⋅d2,                                                                                (5.1.6) 
that is: 

4⋅a2+4⋅b2+4⋅b+4⋅c2+4⋅c+2=4⋅d2,                                                                                      (5.1.6′) 
which is impossible modulo 4; or otherwise: by dividing the equality (5.1.6′) by 2, the left limb is 

an odd number and the right limb is an even number. 

Case 3: Two of the numbers x, y, z are even; say the numbers x and y are even and the number z is odd. 
Then the number t is odd, too. So:  

x=2⋅a,    and    y=2⋅b,           (5.1.7) 
with a, b∈N∗. From equalities (B) and (5.1.7) it follows that: 

4⋅a2+4⋅b2+z2=t2.                                                                        (5.1.8) 
We note: 

t-z=d.                                                                                                                                  (5.1.9) 
Then, from equalities (B), (5.1.8) and (5.1.9), we obtain that: 

4⋅a2+4⋅b2+z2=(z+d)2,                                                                                                     (5.1.8′) 
whence it follows that: 

4⋅a2+4⋅b2-d2=2⋅z⋅d.                                                                                                      (5.1.8″) 
Equality (5.1.8″) shows us that d is even, so: 

d=2⋅c,                                                                                                                                 (5.1.9) 
with d∈N∗. Now, from equalities (5.1.8″) and (5.1.9) it follows that: 

z=
c

cba 222 −+ .                                                                                                                      (5.1.10) 

Finally, from equalities (5.1.9) and (5.1.10), it follows that: 

t=
c

cba 222 ++ .                                                                                                               (5.1.11) 

Because z, t∈N∗, from any of the equalities (5.1.10) or (5.1.11), it follows that c is a divisor of the number 

a2+b2, and from the equality (5.1.10) it follows that c< 22 ba + . 

Case 4: All numbers x, y and z are even. Then the number t is even and, thus, we contradict the equality 
(5.1.1), which we considered as a hypothesis.    
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Case 5: Numbered t is even. Then one of the numbers x, y, z is even and we reach Case 2 again.  
Therefore, any solution is of the form (5.1.2). Of course, c does not divide by b, because otherwise 

equality (5.1.1′) does not exist.  
We observe that any solution of the form (5.1.2) of equation (B), with x and y even numbers it is 

obtained exactly once by the above formulas. Indeed, from what has been proved above, we obtain that: 

a=
2
x ,   b=

2
y    and  c=

2
zt − ; 

so the integers a, b and c are uniquely determined by the quadruple (x, y, z, t). 
Reciprocally, the following identity: 

(2⋅a)2+(2⋅b)2+
2222

c
cba










 −+ =
2222

c
cba










 ++                                                           (5.1.12) 

shows that the quadruple defined in the above theorem statement is a solution of equation (B) and, 

in addition, the numbers x, y are even.  

The above theorem not only states the existence of solutions of the given equation, but also 

provides a practical method for determining all these solutions. It is observed that in order to obtain the 

solutions of the equation, abstracting from its symmetry in x, y, z it is sufficient to consider only the pairs 

(a, b), with a≤b and to take only those c for which z is odd. Thus we eliminate the solutions for which x, 

y, z, t are all even numbers (Cucurezeanu, 2005). 

The table below contains the first ten solutions of equation (B) obtained in this way: 
a b a2+b2 c x y z t 
1 1 2 1 2 2 1 3 
2 2 8 1 4 4 7 9 
1 3 10 1 2 6 9 11 
1 3 10 2 2 6 3 7 
3 3 18 1 6 6 17 19 
3 3 18 2 6 6 7 11 
3 3 18 3 6 6 3 9 
2 4 20 1 4 8 19 21 
2 4 20 4 4 8 1 9 
4 4 32 1 8 8 31 33 
 
Two remarks are required here: 

Remark 5.1.6: The integer solutions of equation (B) can be expressed in the form: 
x=2⋅a⋅c,  y=2⋅b⋅c,  z=a2+b2-c2 and  t=a2+b2+c2,       (5.1.13) 

where a, b, c∈Z. � 
We notice that in this form - (5.1.13) - it is possible to obtain, for equation (B), this solution 

several times. On the other hand, this writing has the advantage that it is very similar to that given for the 
solutions of equation (A) and is easier to remember. 
Remark 5.1.7: If (x,y,z,t)∈Z×Z×Z, is the solution of equation (B), then:  

a=y+z-t,  b=x+z-t,  c=x+y-t      and  d=x+y+z-2⋅t,     (∗∗∗) 
it is also a solution of the same equation. 
Proof: A simple calculation shows us that: 

a2=y2+z2+t2+2⋅y⋅z-2⋅y⋅t-2⋅z⋅t, 
b2=x2+z2+t2+2⋅x⋅z-2⋅x⋅t-2⋅z⋅t, 
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c2=x2+y2+t2+2⋅x⋅y-2⋅x⋅t-2⋅y⋅t, 
d2=x2+y2+z2+4⋅t2+2⋅x⋅y+2⋅x⋅z-4⋅x⋅t+2⋅y⋅z-4⋅y⋅t-4⋅z⋅t, 

and: 
a2+b2+c2=2⋅x2+2⋅y2+2⋅z2+3⋅t2+2⋅x⋅y+2⋅x⋅z+2⋅y⋅z-4⋅x⋅t-4⋅y⋅t-4⋅z⋅t 
            =2⋅x2+2⋅y2+2⋅z2+3⋅t2+2⋅x⋅y+2⋅x⋅z+2⋅y⋅z-4⋅x⋅t-4⋅y⋅t-4⋅z⋅t 

           =x2+y2+z2+4⋅t2+2⋅x⋅y+2⋅x⋅z+2⋅y⋅z-4⋅x⋅t-4⋅y⋅t-4⋅z⋅t+x2+y2+z2-t2, 
              =d2.  
Let us now consider equation (B) in the ring (Mn(Z),+,⋅): 
X2+Y2+Z2=T2.                                                                                                                     (B′) 
The equalities (5.1.13) entitle us to present the following result: 

Theorem 5.1.8: Equation (B′) is solvable in the ring (Mn(Z),+,⋅). 
Proof: Indeed, we notice that if A, B, C∈Mn(Z) and verifies the equalities: 

A⋅B=B⋅A,    B⋅C=C⋅B,   A⋅C=C⋅A,           (5.1.14) 
then the matrices: 

X=2⋅A⋅C,  Y=2⋅B⋅C, Z=A2+B2-C2        and  T=A2+B2+C2,    (5.1.13′) 
verifies equality (B′).  
Examples 5.1.9: 1) Starting from Example 3.10.1 of (Vălcan, 2019) we can consider the matrices: 

A= 







43
14

,  B= 







215
52

   and  C= 







56
25

.  

Then:  

A2= 







1924
819

,   B2= 







7960
2079

  and  C2= 







3760
2037

, 

A⋅B= 







2366
2223

=B⋅A, A⋅C= 







2639
1326

=C⋅A      and  B⋅C= 







4087
2940

=C⋅B; 

Now, according to the equalities (5.1.13′) we have: 

X= 







5278
2652

, Y= 







80174
5880

,  Z= 







6124
861

,  T= 







135144
48135

, 

X2= 







47328112
27044732

,   Y2= 







1649227840
928016492

,   

Z2= 







39132928
9763913

,    T2= 







2513738880
1296025137

, 

and the equality (B′) is immediately verified. 

2) Let us now consider another example of the solution of the equation (B′), of the form (5.1.13′), with 
the matrices A, B, C∈M2(Z); thus be: 

A= 







− 13

54
,  B= 








− 03

53
   and  C= 








−− 13
52

.  

Then:  

A2= 







−− 1415
251

,   B2= 







−−

−
159

156
  and  C2= 








−−

−
143
511

, 

A⋅B= 







−−

−
1512

203
=B⋅A, A⋅C= 








−−

−
169

157
=C⋅A     and  B⋅C= 








−−

−
156

109
=C⋅B. 

Now, according to the equalities (5.1.13′), we have: 
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X= 







−−

−
3218

3014
,        Y= 








−−

−
3012

2018
,  Z= 








−− 1521
356

,  T= 







−−

−
4327

4516
, 

X2= 






 −−
484828
1380344

,      Y2= 






 −
660576
96084

,  

Z2= 







−
−−

510189
315699

,   T2= 






 −−
6341593
2655959

, 

and the equality (B′) is immediately verified. 
We can generalize the equations (A), respectively (B) to a certain number n≥2 of variables / 

unknowns, as follows:  

x 2
1 + x 2

2 ++ x 2
k = x 2

1k+ .                                                                                                    (B″) 

From geometrically if (x1,x2,…,xk,xk+1)∈    
1k

NNN
+

∗∗∗ ×××  is a solution of the equation (B″), then 

the numbers x1, x2, …, xk represent the dimensions of a right hyperparallelipiped in the space Rk, and the 
number xk+1 is the length of its diagonal. (Andreescu & Andrica, 2002) 

Following the same reasoning as in the proof of Theorem 5.1.5, the following theorem can be 
proved: 
Theorem 5.1.10: All integer solutions of the equation (B″) are given by the equations: 

x1=2⋅a1⋅ak,  x2=2⋅a2⋅ak,  …  xn-1=2⋅ak-1⋅ak, 

xk=a 2
1 + a 2

2 ++a 2
1k− -a 2

k ,   xk+1=a 2
1 +a 2

2 ++a 2
1k− +a 2

k ,                     (5.1.15) 

where a1, a2, …, ak+1 are any integers.  
In the ring (Mn(Z),+,⋅) the equation (B″) becomes: 

X 2
1 +X 2

2 ++X 2
k =X 2

1k+ .                                                                                                   (B″′) 

Equation (B″) is solvable in this ring; moreover, we have the following result: 
Theorem 5.1.11: For any matrices A1, A2, …, Ak∈Mn(Z), such that, for every i, j∈{1,2,…,k}, 

Ai⋅Aj=Aj⋅Ai,                                                                                                                              (5.1.14′) 
the following system of k+1 matrices in Mn(Z): 

X1=2⋅A1⋅Ak,  X2=2⋅A2⋅Ak,  …  Xk-1=2⋅Ak-1⋅Ak, 

Xk=A 2
1 +A 2

2 ++A 2
1k− -A 2

k ,  Xk+1=A 2
1 +A 2

2 ++A 2
1k− +A 2

k ,                  (5.1.15′) 

is a solution of the equation (B″′).  
Examples 5.1.12: 1) Let be k∈N∗, k≥2. Starting from Example 3.7.1 of (Vălcan, 2019), for every 
i∈{1,2,...,k}, we can consider the matrices: 

Ai= 








ii

i

ac
0a

.  

Then, for every i, j∈{1,2,…,k}:  

A 2
i = 











⋅⋅ 2
iii

2
i

aca2
0a ,   and  Ai⋅Aj= 








⋅⋅+⋅

⋅

jijiji

ji

aaacca
0aa

=Aj⋅Ai, 

Now, according to the equalities (5.1.15′), for every i= 1k,1 − , we have: 

Xi= 







⋅⋅⋅+⋅⋅

⋅⋅

kikiki

ki

aa2)acca(2
0aa2

, 
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X 2
i = 











⋅⋅⋅+⋅⋅⋅⋅
⋅⋅

2
k

2
ikikiki

2
k

2
i

aa4)acca(aa8
0aa4 , 

Xk= 










−+++⋅−⋅++⋅+⋅⋅
−+++

−−−

−
2
k

2
1k

2
2

2
1kk1k1k2211

2
k

2
1k

2
2

2
1

aaaa)cacacaca(2
0aaaa



  

Xk+1= 










++++⋅+⋅++⋅+⋅⋅
++++

−−−

−
2
k

2
1k

2
2

2
1kk1k1k2211

2
k

2
1k

2
2

2
1

aaaa)cacacaca(2
0aaaa



 , 

X 2
k = 








αβ

α

kk

k 0
   and   X 2

1k+ = 







γδ

γ

kk

k 0
, 

where: 

αk= 22
k

2
1k

2
2

2
1 )aaaa( −+++ − , 

βk=4⋅(a 2
1 + a 2

2 ++a 2
1k− -a 2

k )⋅(a1⋅c1+a2⋅c2+ak-1⋅ck-1-ak⋅ck), 

γk= 22
k

2
1k

2
2

2
1 )aaaa( ++++ − , 

βk=4⋅(a 2
1 + a 2

2 ++a 2
1k− +a 2

k )⋅(a1⋅c1+a2⋅c2+ak-1⋅ck-1+ak⋅ck), 

and the equality (B″′) is immediately verified. 
2) Fie k∈N∗, k≥2. Starting from Example 3.8.1 of (Vălcan, 2019), for any i∈{1,2,...,k}, we can consider 
the matrices: 

Ai= 








i

ii

a0
ba

.  

Then, for every i, j∈{1,2,…,k}:  

A 2
i = 









 ⋅⋅
2
i

ii
2
i

a0
ba2a ,   and  Ai⋅Aj= 








⋅

⋅+⋅⋅

ji

jijiji

aa0
0accaaa

=Aj⋅Ai, 

Now, according to the equalities (5.1.15′), for every i= 1k,1 − , we have: 

Xi= 







⋅⋅

⋅+⋅⋅⋅⋅

ki

kikiki

aa20
)bcba(2aa2

, 

X 2
i = 











⋅⋅
⋅+⋅⋅⋅⋅⋅⋅

2
k

2
i

kikiki
2
k

2
i

aa40
)abba(aa8aa4 , 

Xk= 










−+++
⋅−⋅++⋅+⋅⋅−+++

−

−−−
2
k

2
1k

2
2

2
1

kk1k1k2211
2
k

2
1k

2
2

2
1

aaaa0
)babababa(2aaaa



  

Xk+1= 










++++
⋅+⋅++⋅+⋅⋅++++

−

−−−
2
k

2
1k

2
2

2
1

kk1k1k2211
2
k

2
1k

2
2

2
1

aaaa0
)babababa(2aaaa



 , 

X 2
k = 








ε
φε

k

kk

0
   and    X 2

1k+ = 







ϕ
ηϕ

k

kk

0
, 

where: 

εk= 22
k

2
1k

2
2

2
1 )aaaa( −+++ − , 

φk=4⋅(a 2
1 + a 2

2 ++a 2
1k− -a 2

k )⋅(a1⋅b1+a2⋅b2+ak-1⋅bk-1-ak⋅bk), 

ϕk= 22
k

2
1k

2
2

2
1 )aaaa( ++++ − , 

ηk=4⋅(a 2
1 + a 2

2 ++a 2
1k− +a 2

k )⋅(a1⋅b1+a2⋅b2+ak-1⋅bk-1+ak⋅bk), 
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and the equality (B″′) is immediately verified. 

5.2. Diofantiene quadratic equations 

We begin this paragraph by examining the Diophantine equation: 
x2+a⋅x⋅y+b⋅y2=z2.                                                                                                                         (C) 

where a and b are given integers. The Pythagorean equation (A) is a special case of this equation which is 
obtained for: 

a=0    and     b=1. 
Regarding equation (C) we have the following result: 

Theorem 5.2.1: All integer solutions of equation (C) are given by the equalities: 
x=k⋅(m2⋅b-n2),  y=k⋅(2⋅m⋅n-m2⋅a)  and  z=k⋅(m2⋅b-m⋅n⋅a+n2),   (5.2.1) 

where k, m, n∈Z. 
Proof: A simple calculation shows that the triplets (5.2.1) - defined in the theorem statement, satisfy 
equation (C). Indeed,  

x2=k2⋅(m4⋅b2+n4-2⋅m2⋅n2⋅b),                                                                                (5.2.2) 
a⋅x⋅y=k2⋅(2⋅m3⋅n⋅a⋅b-m4a2⋅b-2⋅m⋅n3⋅a+m2⋅n2⋅a2),                                                      (5.2.3) 
b⋅y2=k2⋅(4⋅m2⋅n2⋅b-4⋅m3⋅n⋅a⋅b+m4⋅a2⋅b).                                            (5.2.4) 
Now, from the equalities (5.2.2), (5.2.3) and (5.2.4), we obtain:  
x2+a⋅x⋅y+b⋅y2=k2⋅(m4⋅b2+m2⋅n2⋅a2+n4-2⋅m3⋅n⋅a⋅b+2⋅m2⋅n2⋅b-2⋅m⋅n3⋅a) 
                      =z2. 
Conversely, we will show that all solutions of the equation are of the form above. For this, we 

observe that equation (C) is equivalent to:  
y⋅(a⋅x+b⋅y)=(z-x)⋅(z+x).                                                                                                                  (C′) 
If  
x=z, 

then: 
y=0    or    a⋅x+b⋅y=0.            (5.2.5) 

In these situations, all triplets of the form (x,0,x) and, respectively 





 ⋅

− x,
b
xa,x , with a, b, x∈Z 

and b | (a⋅x) are solutions of equation (C). The first sub-case corresponds to the situation when: 
m⋅a=2⋅n, 

and the second sub-case occurs when: 
n=0. 
In all other cases the equation (C′) is equivalent to: 

xz
y
−

=
ybxa

xz
⋅+⋅

+ .not
=

n
m ,                                                                                                   (C″) 

where m, n∈Z. These equalities lead us to the homogeneous system:  





=⋅−⋅+⋅−⋅
=⋅−⋅+⋅

0znymx)nam(
0zmynxm

,                                                                                          (5.2.6) 

whose solutions are: 

x= 22

22

nnmabm
nbm

+⋅⋅−⋅
−⋅

⋅z  and  y= 22

2

nnmabm
amnm2
+⋅⋅−⋅
⋅−⋅⋅

⋅z.  (5.2.1′) 

Now, we choose: 
z=k⋅(m2⋅b-a⋅m⋅n+n2),                                                                                                            (5.2.1″) 
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with k∈Z and obtain the solutions (5.2.1).  
In the ring (Mn(Z),+,⋅) the equation (C) can be of the form: 
X2+a⋅X⋅Y+b⋅Y2=Z2,                                                                                                          (C″′) 

where a and b are given integers, or may be of the form: 
X2+A⋅X⋅Y+B⋅Y2=Z2,                                                                                                 (C(iv)) 

where A, B∈Mn(Z) are fixed. 
The equalities (5.2.1) entitle us to present the following result: 

Theorem 5.2.2: Equations (C″′) and (C(iv)), respectively) are solvable in the ring (Mn(Z),+,⋅). 
Proof: Indeed, we notice that if a, b∈Z, and A, B, M, N∈Mn(Z) and satisfy equalities: 

 A⋅B=B⋅A,   A⋅M=M⋅A,   M⋅N=N⋅M,
 A⋅N=N⋅A,      B⋅M=M⋅B,   B⋅N=N⋅B,             (5.2.7) 
then the matrices: 

X=b⋅M2-N2,   Y=2⋅M⋅N-a⋅M2  and Z=b⋅M2-a⋅M⋅N+N2             (5.2.8) 
verifies the equality (C″′), and the matrices: 

X1=B⋅M2-N2,   Y1=2⋅M⋅N-A⋅M2  and Z1=B⋅M2-A⋅M⋅N+N2          (5.2.9) 
verifies the equality (C(iv)). 
Examples 5.2.3: Starting also from Example 3.10.1 from (Vălcan, 2019) we can consider the matrices: 

A= 







23
12

, B= 







315
53

,   M= 







445

154
   and N= 








56
25

.  

Then:  

M2= 







691360
120691

    and   N2= 







3760
2037

, 

A⋅B= 







2139
1321

=B⋅A,  A⋅M= 







53102
3453

=M⋅A,  M⋅N= 







110249
83110

=N⋅M,  

A⋅N= 







1627
916

=N⋅A,  B⋅M= 







237195
65237

=M⋅A,  B⋅N= 







4593
3145

=B⋅N. 

Now, according to equality (5.2.8), for:  
b=3    and    a=2, 

we have: 

X= 







20361020
3402036

,  Y= 







−−
−−
1162222

741162
 and Z= 








1890642
2141890

, 

X2= 







44920964153440
13844804492096

,  X⋅Y= 







−−
−−
24413121637232
5457442441312

=Y⋅X, 

Y2= 







1366672515928
1719761366672

,    Z2= 







37094882426760
8089203709488

,   

and the equality (C″′), for the case considered, is verified immediately: 

X2+2⋅X⋅Y+3⋅Y2= 







44920964153440
13844804492096

+ 







−−
−−

48826243274464
10914884882624

+ 







41000161547784
5159284100016

 

            = 







37094882426760
8089203709488

 

            =Z2. 
On the other hand, according to the equalities (5.2.9), we obtain:  
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X1= 







383611385
37953836

, Y1= 







−−
−−
15222295
7651522

  and Z1= 







344110677
35593441

, 

X 2
1 = 








5792097187345720
2911524057920971

,  X1⋅Y1= 







−−
−−
1454791726131590
871053014547917

=Y1⋅X1, 

Y 2
1 = 








40721596985980
23286604072159

,     Z 2
1 = 








4983992473479114
2449303849839924

,  

and the equality (C(iv)), for the case considered, is verified immediately: 

X 2
1 +A⋅X1⋅Y1+B⋅Y 2

1 = 







5792097187345720
2911524057920971

- 







5522742495906931
3196897755227424

 

                                    + 







4714637782040325
2734677547146377

= 







4983992473479114
2449303849839924

 

                                  =Z 2
1 . 

A particular case of equation (C) we obtain for:  
b=a2, 

when equation (C) becomes: 
x2+a⋅x⋅y+a2⋅y2=z2.                                                                                                                   (D) 
From Theorem 5.2.1 we obtain immediately: 

Corollary 5.2.4: The integer solutions of equation (D) are: 
x=k⋅(m2⋅a2-n2),  y=k⋅(2⋅m⋅n-m2⋅a)  and  z=k⋅(m2⋅a2-m⋅n⋅a+n2),      (5.2.10) 

where k, m, n∈Z. 
In the ring (Mn(Z),+,⋅) the equation (D) can be of the form: 
X2+a⋅X⋅Y+a2⋅Y2=Z2,                                                                                                            (D′) 

where a is an integer, given, or can be of the form: 
X2+A⋅X⋅Y+A2⋅Y2=Z2,                                                                                                   (D″) 

where A∈Mn(Z) is fixed. 
The equalities (5.2.10) entitle us to present the following result: 

Theorem 5.2.5: Equations (D′) and (D″), respectively, are solvable in the ring (Mn(Z),+,⋅). 
Proof: Indeed, we observe that if ∈Z, and A, M, N∈Mn(Z) and satisfy the equalities: 

A⋅M=M⋅A,  M⋅N=N⋅M,   A⋅N=N⋅A,                         (5.2.11) 
then the matrices: 

X=a2⋅M2-N2,   Y=2⋅M⋅N-a⋅M2  and Z=a2⋅M2-a⋅M⋅N+N2          (5.2.12) 
verifies the equality (D′) and the matrices: 

X1=A2⋅M2-N2,   Y1=2⋅M⋅N-A⋅M2  and Z1=A2⋅M2-A⋅M⋅N+N2       (5.2.13) 
verifies the equality (D″). 
Examples 5.2.6: We also consider the matrices here: 

A= 







23
12

,  M= 







445

154
,   and  N= 








56
25

.  

Then:  

A2= 







712
47

,  M2= 







691360
120691

   and  N2= 







3760
2037

, 

A⋅M= 







53102
3453

=M⋅A,  M⋅N= 







110249
83110

=N⋅M,  A⋅N= 







1627
916

=N⋅A. 

Now, according to the equalities (5.2.12), for:  
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a=2, 
we have: 

X= 







27271380
4602727

,  Y= 







−−
−−
1162222

741162
,  and Z= 








25811002
3342581

, 

X2= 







80713297526520
25088408071329

,   X⋅Y= 







−−
−−
32708942208954
7363183270894

=Y⋅X, 

Y2= 







1366672515928
1719761366672

,   Z2= 







69962295172324
17241086996229

,   

and equality (D′), for the case in question, is verified immediately: 

X2+2⋅X⋅Y+4⋅Y2= 







80713297526520
25088408071329

- 







65417884417908
14726366541788

+ 







54666882063712
6879045466688

 

        = 







6962295172324

17241086996229
 

        =Z2. 
On the other hand, according to the equalities (5.2.13), we obtain: 

X1= 







624010752
35846240

, Y1= 







−−
−−
15222295
7651522

,  and Z1= 







584510044
33485845

, 

X 2
1 = 








77472768134184960
4472832077472768

,  X1⋅Y1= 







−−
−−

1772256030685344
1022844817722560

=Y1⋅X1, 

Y 2
1 = 








40721596985980
23286604072159

,  Z 2
1 = 








67791337117414360
3913812067791337

,   

and the equality (D″), for the case considered, is verified immediately: 

X 2
1 +A⋅X1⋅Y1+A2⋅Y 2

1 = 







77472768134184960
4472832077472768

- 







66130464114538368
3817945666130464

 

                                      + 







5644903397767768
3258925656449033

= 







67791337117414360
3913812067791337

 

                 =Z 2
1 . 

The following two particular cases of equation (D) are interesting: 
1) a=1. In this case equation (D) becomes: 

x2+x⋅y+y2=z2.                                                                                                                                (D″′) 
From the equalities (5.2.10) it results that its non-zero natural solutions are given by: 
x=k⋅(m2-n2),   y=k⋅(2⋅m⋅n-m2)        and              z=k⋅(m2-m⋅n+n2), (5.2.14) 

where k, m, n∈N∗, and m>n>
2
m . 

The solutions (5.2.14) give all triplets (x, y, z) of nonzero natural numbers which are the lengths of 
the sides of a triangle with the angle opposite to the side of length z equal to 120°. (Andreescu & Andrica, 
2002) 
2) a=-1. In this case equation (D) becomes:   

x2-x⋅y+y2=z2.                                                                                                                               (D(iv)) 
From the same equalities (5.2.10) it results that its non-zero natural solutions are given by the 

equalities: 
x=k⋅(m2-n2),   y=k⋅(2⋅m⋅n+m2)        and             z=k⋅(m2+m⋅n+n2), (5.2.15) 
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where k, m, n∈N∗, and m>n. 
The solutions (5.2.15) characterize all triplets of non-zero natural numbers (x, y, z) which are the 

lengths of the sides of a triangle having the angle opposite to the side of length z equal to 60° (Andreescu 
& Andrica, 2002) 

In the ring (Mn(Z),+,⋅) the equations (D″′) and (D(iv)) respectively become: 
X2+X⋅Y+Y2=Z2                                                                                                                            (D(v)) 

respectively: 
X2-X⋅Y+Y2=Z2.                                                                                                                           (D(vi)) 
The results obtained above entitle us to present: 

Corollary 5.2.7: Equations (D(v)) and (D(vi)), respectively, are solvable in the ring (Mn(Z),+,⋅). 
Proof: Indeed, we observe that if M, N∈Mn(Z) and satisfy the equality:  

M⋅N=N⋅M,                                                                                                                               (5.2.16) 
then the matrices: 

X=M2-N2,   Y=2⋅M⋅N-M2  and Z=M2-M⋅N+N2                (5.2.17)  
verifies the equality (D(v)), and the matrices: 

X1=M2-N2,   Y1=2⋅M⋅N+M2  and Z1=M2+M⋅N+N2               (5.2.18) 
verifies the equality (D(vi)). 
Examples 5.2.8: 1) We can consider the matrices in Examples 5.2.3: 

M= 







445

154
,    and   N= 








56
25

.  

Then:  

M2= 







691360
120691

,   N2= 







3760
2037

  and M⋅N= 







110249
83110

=N⋅M. 

Now, according to the equalities (5.2.17), we have: 

X= 







654300
100654

,  Y= 







−

−
471138
46471

, and Z= 







618171
57618

, 

X2= 







457716392400
130800457716

,   X⋅Y= 







−−
−−
29423451048
17016294234

=Y⋅X, 

Y2= 







−

−
228189129996

43332228189
,     Z2= 








391671211356
70452391671

,  

and the equality (D(v)), is verified immediately: 

X2+X⋅Y+Y2= 







457716392400
130800457716

+ 







−−
−−
29423451048
17016294234

+ 







−

−
228189129996

43332228189
 

                    = 







391671211356
70452391671

 

                    =Z2. 
On the other hand, according to the equalities (5.2.9), we obtain: 

X1= 







654300
100654

,  Y1= 







911858
286911

,  and Z1= 







838669
223838

, 

X 2
1 = 








457716392400
130800457716

,   X1⋅Y1= 







681594834432
278144681594

=Y1⋅X1, 

Y 2
1 = 








10753091563276
5210921075309

,     Z 2
1 = 








8514311121244
373748851431

, 

http://dx.doi.org/


https://doi.org/10.15405/epes.22032.63 
Corresponding Author: Teodor-Dumitru Vălcan 
Selection and peer-review under responsibility of the Organizing Committee of the conference  
eISSN: 2672-815X 
 

 640 

and the equality (C(iv)), for the case considered, is verified immediately: 

X 2
1 -X1⋅Y1+Y 2

1 = 







457716392400
130800457716

- 







681594834432
278144681594

+ 







10753091563276
5210921075309

 

        = 







8514311121244
373748851431

 

        =Z 2
1 . 

The following remarks are required here: 
Remarks 5.2.9: 1) Theorem 5.2.1 shows how to solve the following third degree Diophantine equation: 

x2+x⋅y⋅t+y2=z2.                                                                                                                                (E) 
Its general solution is (x,y,z,t), where:  

t=a, 
with a∈Z and x, y, z are given by the equalities (5.2.1) - for b=1. 
2) Combining the results proved above we can solve the Diophantine equation:  

x2+u⋅x⋅y+v⋅y2=z2.                                                                                                                             (F) 
Its solutions are (x,y,z,t,u,v), where:  

u=a    and     v=b, 
with a, b∈Z, and x, y, z are given by the equalities (5.2.1). 

In the ring (Mn(Z),+,⋅) the equations (E) and (F) respectively become: 
X2+X⋅Y⋅T+Y2=Z2                                                                                                                           (E′) 

respectively: 
X2+U⋅X⋅Y+V⋅Y2=Z2.                                                                                                                      (F′) 
And at the end of this paragraph we can present: 

Corollary 5.2.10: Equations (E′) and (F′), respectively, are solvable in the ring (Mn(Z),+,⋅). 
Proof: Indeed, we observe that if A, B, M, N∈Mn(Z) and satisfy the equalities: 

A⋅M=M⋅A,   M⋅N=N⋅M,   A⋅N=N⋅A,           (5.2.11) 
B⋅M=M⋅B,   M⋅N=N⋅M,   B⋅N=N⋅B,           (5.2.11) 

and moreover:  
A⋅B=B⋅A,                                                                                                                            (5.2.16) 

then, according to the proof of Theorem 5.2.2, the matrices: 
X=M2-N2,  Y=2⋅M⋅N-A⋅M2,   Z=M2-A⋅M⋅N+N2      and  T=A    (5.2.13′) 

verifies the equality (E′), and the matrices: 
X1=B⋅M2-N2,    Y1=2⋅M⋅N-A⋅M2,   Z1=B⋅M2-A⋅M⋅N+N2, 
U=A          and    V=B       (5.2.9) 

verifies the equality (F′). 

6. Findings 

Therefore, not only equations of form (A) but also any equations of form (B), (C), (D), (E) or (F), 

can be transposed into the ring (M2(Z),+,⋅), where it has solutions. Moreover, each of the solutions 

determined in Paragraph 5 induces a solution (X(n),Y(n),Z(n))∈Mn(Z)×Mn(Z)×Mn(Z), according to the 

model presented in Paragraph 4 of the paper (Vălcan, 2019). 

7. Conclusion 
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As a general conclusion, we can say that any equation of the form (A), (B), (C), (D), (E) or (F) can 

be "immersed" in a ring of matrices of the type (Mn(Z),+,⋅), with n∈N∗, any number, at least equal to 2; 

only that, if these equations can be solved completely in the ring of integers (Z,+,⋅), i.e. all their integer 

solutions can be determined, the same cannot be said about the corresponding "submerged" equation, i.e. 

in this ring of matrices determining all the solutions is usually quite difficult and then only certain 

solutions are determined. 

Of course, this paper is one of Didactics of Mathematics and is addressed to pupils, students or 

teachers attentive and interested in these issues, which we believe we have formed, in this way, a good 

image about solving these two types of equations. 
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